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Being the basis of modern electronics, silicon-germanium semiconductor alloys are widely used in a great 

number of fields. In this paper, the phase equilibria in Si-Ge nanoparticles have been simulated using a thermo-

dynamical approach. Calculations show that nanoparticles of different diameters and compositions have unique 

sets of nanoscale liquidus and solidus temperatures which differ significantly from the reference data for the bulk 

alloy, and the range between nanoscale liquidus and nanoscale solidus temperatures narrows with reducing the 

particle size. Unlike bulk alloys, the compositions of co-existing liquid and solid phases at different temperatures 

dramatically differ in nanoparticles with various Si contents while the dependences of equilibrium phase 

compositions and volume fractions of co-existing phases on particle diameters have turned out to be different at 

various temperatures and atomic fractions of Si in a nanoparticle. A thermo-dynamical interpretation of the 

obtained results has also been given based on several mechanisms of lowering the free energy of the system. 
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Introduction 

Investigation of solid solutions between silicon and germanium at the nanoscale has been of particular 

increasing interest in recent years. Si-Ge solutions possess a unique set of properties including wide band 

gap, which can be gradually changed (by varying the germanium content); high mechanical strength; 

resistance to high temperatures etc [1]. Those properties, some of which can be changed and improved by 

nanostructuring, make Si-Ge solutions be a very promising material in numerous fields.  

Silicon is considered to be the basis of modern electronics, being a relatively inexpensive and abundant 

semiconductor. Silicon-germanium nanoalloys have been applied to designing metal-oxide-semiconductor 

field-effect transistors with improved value of carrier mobility, complementary metal-oxide-

semiconductor integrated circuits, high speed and high responsivity waveguide photo-detectors and hetero-

junction bipolar transistors with dramatically improved performance, including values of cut-off frequency 

approaching to 300 GHz, and values of gate delay well below 10 ps (the numbers unimaginable in bipolar 

transistors), add to this, excellent electronic and optical properties allow Si-Ge nanoalloys to be widely 

utilized in phase change memory (PCM) devices, directly composing some of the PCMs (see  [2-5]). 

Furthermore, Si-Ge alloys have been widely used for manufacturing thermoelectric generators of 

different types. Radioisotope Si-Ge thermoelectric generators are installed on various spacecraft  

(e.g. “Voyager 2”) and are working in space for several years almost without deterioration [6]. 

Thermoelectrical efficiency, which is revealed by a dimensionless figure of merit, ZT, can be greatly 

enhanced through nanostructuctural engineering [7, 8]. ZT is directly proportional to the electrical 

conductivity and inversely proportional to the thermal conductivity; the main approach to the solution of the 

problem of an increase in ZT is using polycrystalline nanomaterials where the thermal conductivity is 

decreased due to the formation of multiple grain boundaries which scatter thermal phonons while retaining 

the values of other parameters, and some other effects (see [8] and Refs. within). 
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Various types of Si-Ge nanostructures are prepared mainly by melt growth techniques including the 

zone-melting growth or the vapor-liquid-solid growth technology, however, the key role in fabrication of 

polycrystalline nanoalloys now belongs to additive manufacturing including direct and selective laser 

melting [9]. To control and improve those processes, the knowledge of thermodynamic properties at high 

temperatures (i.e. the phase diagram of Si-Ge solutions) at the nanoscale is critically needed. In the bulk 

state, pure Si and Ge and their alloys have been fairly well studied [10-12]. In nanosystems, experimental 

investigations (calorimetry experiments) are extremely challenging and time-consuming to perform, but 

nanothermodynamical calculations offer a smart alternative. Despite the fact that some attempts to 

theoretically predict the phase equilibria in Si-Ge nanoalloys have been made by L.H. Liang et al. [13],  

S. Bajaj et al. [14] or by B. Bonham and G. Guisbiers [15] and, there are still a lot of gaps in their description 

and the considered alloys remain poorly studied at the nanoscale.  

In nanomaterials, the description of phase transformations and equilibria is significantly complicated 

due to some specific effects. The compositions of co-existing phases and phase transition temperatures in 

nanoscale systems (nanoparticles, nanodroplets etc.) depend on the size of the system [13-23], its shape [16-

19, 22] as well as on the thermodynamical properties of all interfaces [23]. In phase diagrams, the mentioned 

effects can manifest themselves as significant shifts of characteristic points, shifts and deformations of 

characteristic lines in comparison with phase diagrams for the bulk-state systems. The need to recalculate the 

phase equilibria at the nanoscale is due to the fact that the displacements of characteristic lines and points for 

nanoscale systems can exceed hundreds of degrees [13]. These effects have been observed experimentally 

[24] and can be explained by a great enhancement of the surface-to-volume ratio and surface contribution to 

the total energy of the system.  

In order to calculate the phase equilibria at the nanoscale by thermodynamical methods, it is necessary 

to minimize the total Gibbs function of the system with allowance for the contribution of all interfaces and to 

analyze the configuration of its minima (see [16,20,21], for example). Despite the fact that there is a set of 

papers observing the mentioned effects, the general regularities cannot be obtained from most of them at 

present due to the substantial differences in the models derived and some critical gaps. For example, as far as 

the authors are aware, most of the approaches lack the consideration of the dependence of phase diagrams on 

the composition of the system. The model with the composition effect taken into account (with some 

simplifying presuppositions) has been introduced by our group and applied to modeling the melting behavior 

of nanoparticles of a tungsten heavy alloy for special applications [25] as well as the liquid-liquid phase 

separation in organic and polymeric solutions in small-volume droplets and pores [26]. The calculations have 

shown that, unlike bulk alloys, where a variation of the chemical composition of the system leads to changes 

in the volume fraction of co-existing phases (according to the lever rule) but does not affect the mutual 

solubility of components, in small-volume systems the chemical composition of the system determines not 

only the volume fractions of the phases, but also their equilibrium composition. Also, the calculations have 

shown an unusual effect of the significant variation of all phase equilibria characteristics depending on 

mutual position of co-existing solid and liquid phases in the structure [8, 16, 19, 20, 23] while all the sets of 

characteristics dramatically differ from each other and from the corresponding values for the bulk state. The 

shape of the system can also be taken into account using different approaches. For example, in [8, 16, 17, 

19], we have suggested a dimensionless coefficient of shape, which is equal to the ratio between the surface 

areas of the figure under consideration and the sphere of the same volume.  

The shape coefficient is a continuous parameter generalizing various versions of isochoric 

transformations of the system, including smooth deformations. Another way to describe the complex 

morphology of real particles is using the methods of fractal geometry [8, 16-19]. Formation of highly 

complicated fractal-shaped structures is generic for many non-equilibrium processes [27], the morphology of 

such structures is characterized by their fractal dimensions: the examples of structures with various fractal 

dimensions can be found in [8, 17-19].  

In the present paper, we have highly developed the approach from [25] and used it to predict the high 

temperature phase equilibria for Si-Ge solid core-liquid shell nanoparticles as well as the tendencies which 

characterize their deviations from the data for the bulk state. In the bulk state, the considered alloy has a low-

temperature symmetric miscibility gap at temperatures below ~266.5 K [14]. Above this temperature up to 

the liquidus, the Si-Ge system exhibits continuous solubility in the solid state with a diamond structure. At 

high temperatures, Si-Ge alloys have liquidus and solidus curves without a congruent melting point. 
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1. A mathematical model of solid → liquid phase transitions in nanoscale particles 

The system to be modeled has the form of spherical Si-Ge nanoparticles of various diameters and 

compositions at temperatures above solidus. It is assumed that in phase equilibrium a nanoparticle is 

consisted of a single spherical solid inclusion (core-phase) surrounded by a spherical layer of a melt (shell-

phase). In a closed binary thermodynamic system, the conservation conditions of matter are given by  

Eqs. (1): 
3
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                           (1) 

where x is the atomic fraction of Si in the whole particle; d is the diameter of the particle under 

consideration; n is the total number of moles of both components in the particle; Vj  is the volume of phase j; 

j=c, s; the indices c and s refer to the solid core- and liquid shell- phases, respectively; ni, ij
n  and ( )ijV T  are 

the number of moles of each component ni, the number of moles of component i in phase j and the molar 

volume of component i in phase j (the molar volumes are considered to be temperature-dependent in general 

case), respectively; i=1,2; the indices 1 and 2 refer to Si and Ge, respectively; xij is the molar of component i 

in phase j.  

Temperature-dependent molar volumes of pure solid Si and Ge (thermal expansion) are expressed as 

follows: 5

1 11.989 exp(2.280 10 ( 293))cV T     , 5

2 13.648 exp(1.725 10 ( 293))cV T      [28]. For melts 

of pure components: 1sV =11.100 cm3/mol, 2sV =12.966 cm3/mol [ibid]. The geometric characteristics of the 

forming phases can be described as follows:  
2

234π 3 4π ,    πc c sA V A d   where Ac are As are the surface 

areas of the core- and shell-phases, respectively. 

A criterion for whether the system is at equilibrium is a minimum of its Gibbs function with allowance 

of all interfaces: 1 2 1 1 1 1( ) ( , ) ( ) ( , ) σ σc c c c s s s s s s cs cg n n G x T n n G x T A A     
 
where σ s , σcs  are the surface 

energies on the outer (-shell) and internal (core-shell) boundaries. 1( , )c cG x T  and 1( , )s sG x T  are the molar 

Gibbs functions of solid and liquid Si-Ge solutions with compositions x1j at temperature T, respectively. 

As the authors of [10] have shown, the Si-Ge system can be described by the model of a regular solid 

solution: 
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where R is the ideal gas constant; ( )f fr are the regular solid solution parameters for liquid and solid 

phases, each parameter depends on the characteristic size rj of the considered phase (on the radius of the 

solid core-phase rc and the thickness of the liquid layer which forms the shell-phase rs; both rc and rs can be 

obtained from the given Eqs. after some simple transformations); ( )m i cH r  and ( )mi cT r  are the size-

dependent melting enthalpies and melting points of pure Si and Ge. 

 Size-dependent regular solution parameters ( )f fr , melting enthalpies ( )
m i c
H r  and melting points 

( )
mi c

T r  as well as melting entropies ( ) ( ) ( )m i c m i c mi cS r H r T r    can be calculated within various approaches; 

in this report, we use simple equations obtained by L.H. Liang et al. [13,18]: 
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                                    (3)

 

 

where iS  , miT   are the “literature” melting entropies and melting points for pure Si and Ge in the bulk state;  

f   are the regular solid solution parameters for solid and liquid phases in the bulk state; ai is the 

characteristic size of the crystal structure of a pure component; in calculations below, ai  is considered to be 
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equal to 6 atomic radii [13]. According to a remark made in [13], we use in our calculations the atomic 

radius of Si which is higher than the one of Ge. For pure Si:  

1mT  = 1693 K, 1mS  = 29.41 J/(mol K), a1 = 132 pm; for pure Ge: 2mT  = 1210 K,  

1mS  = 20.57 J/(mol K), a2=122.5 pm. c = 3500 J/mol, s = 6500 J/mol [25]. 

Surface energy ( )
LV

x  of Si-Ge liquid solutions as a function of composition x is obtained in [11]. The 

dependence is close to a linear one and can be approximated by the following relation: 

1 2σ ( ) σ σ (1 )LV LV LVx x x    where x is the molar fraction of Si, 1σLV  и 2σLV  are the surface energies of pure Si 

and Ge melts at the considered temperature. A similar equation is used for calculation of surface energies of 

Si-Ge solid solutions: 1 2σ ( ) σ σ (1 )SV SV SVx x x   . At crystal – melt interfaces, surface energies can be 

obtained from the simplified Girifalсo-Good equation in the form which has been previously used by the 

authors of [29]: σ σ σSL SV LV  . 

Temperature dependences of surface energies for pure Si and Ge are calculated from the following 

linear equations (see Refs. [18,28]):  4

1 0.865 1.3 10 1637σLV T    ,  4

2 0.587 1.05 10 1211.5σLV T    , 

 4

1 1.081 1.3 10 1637σSV T    ,  4

2 0.737 1.05 10 1211.5σSV T    .  

In the bulk state, where the surface contribution to the total energy of the system is negligible, the phase 

equilibria calculated by finding the minima of the Gibbs function (Eqn. 2) (see Figs. 1-3), demonstrate a 

good agreement with the reference data [10].  

2. Results and discussion 

In the bulk state of a material, the only, single set of compositions of co-existing liquid and solid phases 

at a given temperature correspond to all possible compositions of the system (x). The composition of the 

system determines only the molar fraction of each phase directly according to the lever rule. However, the 

phase equilibria characteristics of nanoscale particles calculated by minimizing the Gibbs function (and 

plotted in Figs. 1-5) demonstrate a fundamentally different behavior in comparison with the one of the 

system in the bulk state. In particular, for each composition of the system (x), there is a unique set of 

equilibrium compositions of liquid and solid phases (see Figs. 1-3 for nanoparticles containing 25, 50 and  

75 at.% Si, respectively). In each figure, the lower horizontal dashed line corresponds to the maximum 

temperature at which a nanoparticle of the given composition remains entirely solid (“nano-solidus”). The 

upper horizontal dashed line, in turn, corresponds to the minimum temperature at which a nanoparticle is still 

entirely liquid (“nano-liquidus”). At temperatures higher than “nano-liquidus” and lower than “nano-

solidus”, a minimum of the Gibbs function corresponding to a heterogeneous state does not exist.  

  
        a           b 

Fig.1. Temperature-dependent atomic fraction of silicon in the liquid (a) and solid (b) phase. The considered 

nanoparticle contains 25% Si. The red dashed lines indicate the “nano-liquidus” and “nano-solidus” temperature 

(the upper and lower ones, respectively). At room temperature, the particle diameter is equal to 40 nm. The black 

solid line represents the bulk behaviour. 
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At every composition of a nanoparticle and every temperature within the heterogeneous region, the 

solid phase is richer in Si than the one of the bulk system. The character of deviations of the composition of 

the liquid phase from the values for the bulk-state material differs depending on the temperature. At high 

temperatures near the “nano-liquidus”, the atomic fraction of Si in a nanoparticle is higher than in the bulk 

state while at low temperatures near “nano-solidus”, vice versa, the liquid phase is less rich in Si than such a 

phase in the bulk-state system. In details, this feature is illustrated in Fig. 4 where the composition of the 

liquid phase for equiatomic nanoparticles is plotted as a function of nanoparticle diameter at T=1400 (left) 

and T=1500 (right). 

  
        a           b 

Fig. 2. Temperature-dependent atomic fraction of silicon in the liquid (a) and solid (b) phase. The considered 

nanoparticle contains 50% Si. The red dashed lines indicate the “nano-liquidus” and “nano-solidus” temperature 

(the upper and lower ones, respectively). At room temperature, the particle diameter is equal to 40 nm. The black 

solid line represents the bulk behaviour. 

 

  
        a           b 

Fig. 3. Temperature-dependent atomic fraction of silicon in the liquid (a) and solid (b) phase. The considered 

nanoparticle contains 75% Si. The red dashed lines indicate the “nano-liquidus” and “nano-solidus” temperature 

(the upper and lower ones, respectively). At room temperature, the particle diameter is equal to 40 nm. The black 

solid line represents the bulk behaviour. 

 

As shown in Figs. 1-3, a decrease in the size of a particle leads to a decrease in the temperature range in 

which the system remains in the two-phase state. At every composition, the “nano-liquidus” of a 40-nm-

diameter nanoparticle lies much below the corresponding point of the bulk liquidus line (see Fig. 5). The 

“nano-solidus” for all compositions considered is higher than its macroscopic analogue; the value of a 

temperature shift is equal to several dozens of degrees (such effect has also appeared in some previous 

calculations [25] where multiple simplifying presuppositions have been introduced). 
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        a           b 

Fig. 4. Size-dependent compositions of the liquid phase (red solid lines) at T=1400 K (left) and T=1500 K (right) in 

comparison with the values for the bulk system (black dashed line). 

 

 
Fig. 5. “Nano-liquidus” and “nano-solidus” temperatures for nanoparticles of various compositions: 25 at.% Si 

(squares), 50 at.% Si (rounds), 75 at.% Si (triangles). At room temperature, the particle diameter is equal to 40 nm. 

Empty and filled markers correspond to liquidus and solidus temperatures, respectively. The phase diagram for the 

bulk-state material is plotted with a black dashed line.  

 

The narrowing of the heterogeneous region for nanoparticle is caused by a great enhancement of the 

surface contribution to the Gibbs function of the system which makes remaining homogeneous without 

formation of an inner interface at temperatures near liquidus and solidus values for the bulk-state system 

thermodynamically more favorable. The changes in compositions of liquid and solid phases within the 

heterogeneous region can also be explained by the tendency to reduce the contribution of the surface energy 

which can possibly be realized [17,18,25,26]: (1) as a result of an increase in the total volume fraction of the 

melt, which is accompanied by a reduction in the inner surface area; (2) as a result of an increase in the 

content of the component with a higher molar volume (Ge) in the liquid phase, which is also accompanied by 

a reduction in the inner surface area; (3) as a result of an increase in the content of a lower surface energy 

component (Ge) in the melt, which leads to a decrease in the surface energy of the outer boundary (surface 

energies on the inner interface are always much lower than on the outer one [29]). 

The performed simulation shows that in nanoparticles containing 50 and 75 at. % Si at low temperatures 

near “nano-liquidus”, all the three mechanisms are implemented. For example, in a nanoparticle containing 

75 at. % Si at T=1555 K, a decrease in diameter from 100 nm down to 40 nm is accompanied with an 

increase of the volume fraction of the liquid phase from ~19 to ~23 vol. % and a slight increase in Ge content 

in the liquid phase. In an equiatomic nanoparticle of 40 nm in diameter at 1400 K, there is a similar trend: the 

volume fraction of the melt is about ~18 vol. % in comparison with the value of ~14 vol. % for a 100-nm-

diameter nanoparticle, and the atomic fraction of molten Ge in the liquid phase is higher for smaller particle 

than for larger ones.  
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At the same time in nanoparticles with 50 and 75 at. % Si at high temperatures near “nano-solidus” and 

in Ge-rich nanoparticles (25 at. % Si) throughout the temperature region, mechanism 1 prevails (so the phase 

re-distribution is “volume-controlled”). For example, in a nanoparticle containing 75 at. % Si at T=1585 K, 

while the diameter decreases from 100 nm to 40 nm, the volume fraction of the melt dramatically increases 

from ~46 to ~62 vol. % and the atomic fraction of Ge in the liquid phase drops from ~36 down to 32 at. %.  

In the case of an equatomic nanoparticle at T=1500 K, the volume fractions of the liquid phase are equal to 

~68 and ~76 vol. % for 100-nm-diameter and 40-nm-diameter particles, respectively, while Ge contents in 

the melt are ~65 and ~58 at. %, respectively.  Finally, in a nanoparticle with 25 at. % Si at T=1277.5 K, the 

volume fraction of the liquid shell-phase grows from ~9 up to ~15 vol. % with reducing the size from 50 nm 

to 40 nm. At the same time, it is accompanied by a slight decrease in the atomic fraction of Ge in the liquid 

phase. At T=1390 K, when the particle size reduces from 100 nm to  

40 nm, an increase in the volume fraction of the melt and a decrease in Ge content in the liquid phase also 

show up: from ~82 to ~88 vol. % and from ~81 to ~79 at. %, respectively. 

 A decrease in particle diameters down to smaller values leads to more significant deviations (than the 

ones presented in Figs. 1-5) of equilibrium compositions and volumes of co-existing phases from the 

reference data for the bulk-state material. Note that for particles of a smaller size, surface tensions can 

become size-dependent, at very small sizes, the basic concepts of thermodynamics could hardly be applied 

and even the difference between solid and liquids states vanishes [30]. Modeling of such small systems 

requires using some other approaches (see [31], for example). Note that despite the fact the term “nanoscale 

effects” is widely used, there is a broad class of systems, especially polymeric ones, with great molecular 

volumes and masses, in which such effects manifest themselves at characteristic sizes even several thousand 

times higher [20,26] (and such effects should probably be called “small-amounts-of-matter effects”). In 

addition to this, high surface-to-volume ratios can be obtained not only in nanoparticle materials but also in 

mesoporous ones while the morphology of pores also influences the characteristics of phase transitions 

including the magnetic ones [32]. 

The spherical geometry of considered particles is also an idealization. A spherical particle of a given 

volume has the minimal surface area, taking into account more complicated morphologies [8,17-19] leads to 

an additional increase in the surface contribution to the total Gibbs function and some more significant shifts 

of characteristic points in the “phase diagram”. As noted above, the shape of considered particle can be 

considered using one dimensionless parameter such as a coefficient of shape [8,16,17,19] or a fractal 

dimension [8,16-19] and requires minor changes of the Eqs. above. It is necessary to mention that the 

configuration of the interface between co-existing phases changes during the initial stages of melting, so the 

introduced shape parameter needs to be temperature-dependent [18]. In the general case, the specification of 

phase properties of a nanosystem without detailed and precise information on its size, shape, initial 

composition and some other properties is almost incorrect. In description of nanoobjects, the well-known 

concepts such as “phase diagram”, “liquidus”, “solidus” obtain new meanings. The suggested model can 

easily be applied to the description of the melting behavior in systems of other chemical compositions 

including three- and polycomponent ones while the appropriate solution model and its coefficients as well as 

material constants (e.g. surface free energies and their temperature and composition dependence, molar 

volumes and their temperature dependence etc) are required for simulations. The similar effects in systems 

with another nature of phase transitions (e.g. nanoparticles of stratifying solid solutions, stratifying liquid 

solutions in small-volume droplets and pores) can also be described using a model which is quite different in 

mathematical formulations but shares the same thermodynamical basis (see [17,20,26] for details). 

 In the case of nanoparticle ensembles containing particles with different morphology characteristics, 

the average phase composition and functional properties depend on the size and shape distributions in an 

ensemble. In [33], we have suggested a method for calculating such distributions based on the combined 

usage of number theory (including the derivations of G.H. Hardy and S. Ramanujan on the theory of 

partitions), fractal geometry and statistical thermodynamics. For example, the equilibrium size distributions 

for nanoparticles with fractal dimension D in a free-dispersed system can be expressed as follows: 

 
 

 
σ ln 2 2
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Here,  
3

ωp eff atd d  is the number of atoms in a nanoparticle, ω  is the lattice packing density, N is 

the total number of atoms in the system, effd  is the effective diameter of a nanoparticle (the diameter of a 

sphere of the same volume),  spA D is the specific surface area of the ensemble, 2at atd r .  

The presented estimates are in perfect accordance with the experimental data (see [33] and Refs. within) 

and make it possible to model the thermodynamical conditions for the realization of optimal average 

characteristics of nanoparticles (equilibrium compositions, phase transition temperatures, functional 

properties etc) as well to predict the degree at which such characteristic are “blurred” in an ensemble. 

Conclusion 

The performed thermodynamic analysis of phase equilibria in Si-Ge alloy nanoparticles of various 

compositions leads to the following conclusions: 

1) in nanoparticles, the set of phase transition temperatures (liquidus, solidus) and the compositions of 

co-existing phases at phase equilibrium depend on the nanoparticle size. But in addition to this, at each size 

and temperature, the Si and Ge contents in solid and liquid phases are dramatically different for different 

compositions of a nanoparticle. The phase equilibria in a nanosystem can hardly be described by a single 

phase diagram for all the composition range; 

2) the character of the influence of the nanoparticle size on phase compositions differs being 

temperature-dependent: reducing the particle size can lead either to an increase or to a decrease in Si content 

in the liquid phase. The explanation of such effects is based on the existence of several mechanisms of 

lowering the surface energy of the system while the dominant mechanism(s) is (are) different at different 

compositions and temperatures. 
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